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Abstract 

This paper proposes an axiomatic for Cyclic Foam Topological Field Theories. That is 
Topological Field Theories, corresponding to String Theories, where particles are arbitrary 
graphs. World surfaces in this case are two-manifolds with one-dimensional singularities. I 
prove that Cyclic Foam Topological Field Theories one-to-one correspond to graph-Cardy- 
Frobenius algebras, that are families {A,B^,(f)), where A = {A^js G S} are families of 
commutative associative Frobenius algebras, i?^ = ©^^^ is an graduated by graphes, 
associative algebras of Frobenius type and = {0^ : A* End{B„)\s e S", cr e S} 
is a family of special representations. There are constructed examples of Cyclic Foam 
Topological Field Theories and its graph-Cardy-Frobenius algebras 
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1. Introduction 

Two-dimensional Topological Field Theories were introduced by Segal [23], Atiyah [5j 
and Witten [25]. An example of them is a topological approach of the String Theory. 
The String Theory is a modern variant of uniform Field Theory. It treads particles as 
one-dimensional objects. A path of a particle is represented by a world surface, that is, 
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4719.2006.1, INTAS 05-7805 

1 



a two-dimensional space. The Topological String Theory assumes that a probability of 
a world surface depends only on the state of the particle at the moments of birth/death 
and on the topological type of the world surface. The standard properties of the measure 
on world lines extend to properties of Topological String Theory |10j . 

The Topological Field Theory is a direct axiomatization of the Topological String The- 
ory. The Topological Field Theory is a function on the set of two-dimensional spaces 
(world surface in String Theory) endowed with marked points (points of birth/death in 
String Theory) and also with vectors in the marked points (vectors of states in String 
Theory). The function depends from the vectors linearly. The properties of Topological 
String Theory can be reformulated as properties of the function by a surgery of surfaces. 

The simplest model treads particles as closed contours. Thus its world surface is a 
closed surface, that is, two-dimensional topological manifold without boundary. The 
corresponding Topological Field Theory was constructed in [5j, [8j for orientable surfaces 
and in |Tj for arbitrary (orientable and non-orientable) surfaces. 

In this case, the values of a Topological Field Theory on spheres with one, two and 
three marked points determine the values of the Topological Field Theory on all oriented 
surfaces. As well, the values of a Topological Field Theory on spheres with one, two and 
three marked points are structure constants for some associative, commutative Frobenius 
algebra A with a unit. Moreover, this construction gives a one-to-one correspondence 
between Topological Field Theories on closed orientable surfaces and associative, com- 
mutative Frobenius algebras with unit [8|. To extend a Topological Field Theory to 
non-orientable surfaces one has to add new structures to A, namely, an involution of A 
and an element U & A which defines the value of the Topological Field Theory on a 
projective sphere with a marked point [Tj. 

A String Theory where particles are closed contours and segments is called an Open- 
Closed Theory. In this case world surfaces are two-dimensional topological manifolds 
without boundary or with a boundary consisting of closed contours. For orientable sur- 
faces of this type Topological Field Theory was constructed in [I7], [H], where it is 
determined a pair of associative Frobenius algebras with unit, connected by a special 
homomorphism (p. The first algebra is A, corresponding to closed surfaces. The second 
algebra B, which in general is non-commutative, corresponds to disks with marked points 
at the boundary. The one-to-one correspondent between Open-Closed Topological Field 
Theories and the families {A,B,(f)) was proved in [T] and later, independently, in [T6] . 

m- 

For orientable and non-orientable surfaces with boundary a Topological Field Theory 
was constructed in [1]. We call it the Klein Topological Field Theory. Klein Topological 
Field Theories are in one-to-one correspondence with the Cardy-Frobenius algebras which 
are the tuples {A, B, (j)) with equipments [T]. 

In the present paper I construct Cyclic Foam Topological Field Theories that corre- 
spond to String Theories where particles are arbitrary graphs (for physical motivation 
see [6], and also [20] and references there in). In this case the world surface is a CW- 
complex glued from finitely many surfaces ("patches") with boundaries by gluing some 
segments of the boundaries. The boundaries of surfaces form the singular part of the 
complex is called "seamed graph". Complexes of this type are called "world-sheet foam" 
or "seamed surfaces". They appear also in A-models [22|, Landau-Ginsburg models [15] 
and 3-dimensional topology [I3| [T4 j. 

In this paper I consider a special class of seamed surfaces which I call cyclic foam. They 
satisfy the following conditions: (1) glued boundary contours of patches have compatible 
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orientation; (2) different boundary contours a patch included to different connected com- 
ponents of the seamed graph. I assume also that any patch has a "color" from a set S 
and the closures of two patches have no intersections if they have the same color. 

We start with the definition of Cyclic Foam Topological Field Theories on cyclic foams 
where all patches are disks (Section [2|). We prove that such Topological Field Theories are 
in one-to-one correspondence with graph-Frobenius algebras which we define in Section 
[3l A graph-Frobenius algebra is an associative algebra that satisfy all the properties of 
a Frobenius algebra except for the finite dimensionality property. Instead, it is presented 
as a sum of finite dimensional vector spaces = ^^^^^ B„ where S is the set of oriented 
colored graphs. The algebra B from Cardy-Frobenius algebras is the subalgebra of B^ 
that corresponds to the segment. 

In Section [4] we define Topological Field Theories for arbitrary cyclic foams. Later 
(Section [5|) we prove that Cyclic Foam Topological Field Theories are in one-to-one cor- 
respondence with families (A, 5^,0), where A = {A^\s G 5*} is a family of commutative 
associative Frobenius algebras with units and = {0^ : End{Ba-)\s G 5*, a G S} is 

a special family of representations in B^j. 

Some classical topological objects satisfy the axioms of Topological Field Theory. The 
algebraic description of Topological Field Theories makes it possible to reduce some topo- 
logical problems to algebraic one. Such applications of Topological Field Theory appear 
in the Theory of Links |24) . |21| and in the Theory of Hurwitz Numbers. 

The classical Hurwitz numbers are weighted numbers of meromorphic functions with 
prescribed topological types of critical values [12]. These numbers depend on topological 
types of surfaces and critical values only. The classical Hurwitz numbers and Hurwitz 
numbers of regular coverings generate Topological Field Theories on closed surfaces [9], 
[7]. Hurwitz numbers for surfaces with boundary are defined in [T] for coverings by surfaces 
with boundary, in [2j, [3j for coverings by seamed surfaces, and in [4j for regular coverings 
by seamed surfaces. In these papers we proved that each type of these Hurwitz numbers 
forms a Klein Topological Field Theory and we described their Cardy-Frobenius algebras. 

In Section [6] of preset paper it is constructed examples of Cyclic Foam Topological Field 
Theories and corresponding graph-Cardy-Frobenius algebras. These examples extend to 
cyclic foams the Klein Topological Field Theories of regular Hurwitz numbers from [4]. 

I thank A.Alekseevskii, S.Lando, and L.Rozansky for useful discussions. 



2. Film Topological Field Theories 

2.1. Film surfaces. In this paper a graph is a compact simplicial complex that consist of 
simplexes of dimension 1 (edges) and dimension (vertices). An edge is either a segment 
or a loop depending on the topological type of its closure. A graph is said to be regular 
if all its edges are segments. 

A compact CW-complex that consists of oriented cells of dimension 2 (disks), cells of 
dimension 1 (edges) and cells of dimension (vertices) is said to be regular if its edges 
form a regular graph. Thus regular CW-complex fl is defined by a set (Cl,A,ip), where 
fl = Cl(Q) is a set of closed oriented disks , A = A(fl) is a regular graph and tp : dCl — > A 
is a gluing map, that is, a homeomorphism on any connected component of and 
(p(dn) = A. 

A system of cyclic orders on vertexes of connected components of a regular CW-complex 
Q is called a cyclic order on fl, if the cyclic orders on vertexes are compatible with the 
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orientations of the disks A regular CW-complex with a cyclic order is called almost 

cyclic complex. 

A connected regular graph 7 C O on a connected almost cyclic complex fl is called a 
graph- cut if: 

• the restriction of 7 to any disk u E Cl either is empty, or forms one of edge of 7; 

• 7 divides Q into two connected components that splits vertices of Q into two 
nonempty groups, compatible with the cyclic order on Q. 

A almost cyclic complex Q is called cyclic complex if for any compatible with the cyclic 
order division of vertexes fl there exists a graph-cut that realize it. A small neighborhood 
of a vertex g of a CW-complex is a cone over a regular vertex graph a^, with orientation of 
edges generated by the orientation of the disks outside the neighborhood. It is obviously 
that vertex graphs of cyclic complexes are connected. 

Fix a set S of colors. A graph (respectively CW-complex) is called colored if a color 
s{l) G is assigned to each of its edges (respectively disks) / and all the colors are pairwise 
different for any connected component. A colored cyclic complex is called a film surface. 
Vertex the graph ag of a vertices q of a film surface is a colored graph, where colors of 
edges generated by colors of the disks. Denote by Qf, the set of vertices of a film surface 
Q. 

2.2. Topological Field Theory. Below we assume that all vector spaces are defined 
over a field K D Q. Let {X^\m € M} be a finite set of n — \M\ vector spaces over 
the field of complex numbers C. The action of the symmetric group Sn on {!,..., n} 
induces its action on the sum of the vector spaces (©^^(7(1) ® ■ ■ ■ ® X^i^n)) where a runs 
over the bijections {!,..., n} —>■ M, an element s E Sn takes ^(t(i) ® ••• ® X^.^^) to 
^ais(i)) • • • <8) Xa-(s{n))- Dcnotc by <^meM^m the subspace of all invariants of this action. 
The vector space ^meM^m is canonically isomorphic to the tensor product of all X^ in 
any fixed order; the isomorphism is the projection of ^meMX^ to the summand that is 
equal to the tensor product of X,n in that order. 

Two regular oriented colored graphs said to be isomorphic if there exists a homeomor- 
phism that maps one to the other preserving the colors and the orientations. Denote by 
E = E(S') the set of all isomorphism classes of connected oriented colored graphs. The 
inversions of the orientations generate the involution * : S ^ S. Denote it by cr 1— > cr*. 

Consider a family of finite-dimensional vector spaces {B^\a G S} and a family of tensors 
{K® E B„® B„* \a G S}. Using these data, we define now a functor V from the category 
of film surfaces to the category of vector spaces. This functor assigns the vector space 
= i'^qeUtBg) to any film surface fl. Here Bg is the copy of B^j^ that is a vector space 
with a fixed isomorphism Bg — ^ B^j^. 

We are going to describe all morphisms of the monoidal category S of film surfaces and 
morphisms of the category of vector spaces that correspond to it. 

(1) Isomorphism. Let : Q — > be a homeomorphism of film surfaces, preserving the 
cyclic orders, orientations of disks and its colors. Define V{(t)) = 0* : Vq — > Vq' as linear 
operator generated by the bijections : fit, ^ Q'f^. 

(2) Cut. Let Q be a connected film surface and 7 C O be a graph-cut. The graph 7 
is represented by two graphs 7+ and 7_ on the closure Q \ 7 of f2 \ 7 . Contract these 
graphs to points q+ — Q+["y] and g_ = ^-[7], respectively. The contraction produces a film 
surface fl' = ^[7]. Its vertices Q' = are the vertices of Q and the points g+, g_. The 
cyclic order, orientation and the coloring of fl induces an orientation and a coloring of 
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ft'. Thus we can assume that is a film surface and Vq' = Vq (g) Bq^ Bq . The functor 
takes the morphism V{r)){x) — r7*(x) — x <S> Kf, where cr = (7q_^ = (T*_, to the morphism 

(3) The tensor product in S defined by the disjoint union of surfaces Q! ®Q!' Vt'W fl" 
induces the tensor product of vector spaces 9^ : Vn' ® Vn" — > V^'ufi"- 
The functorial properties of V can be easily verified. 

Fix a tuple of vector spaces and vectors {B„,Kf G .8^ ® B„*\a G S}, defining the 
functor V. A family of linear forms JF = : K} defined for all film surfaces 

O G 5 is called a Film Topological Field Theory if it satisfies the following axioms: 

1° Topological invariance. 

for any isomorphism : Q — > of film surfaces. 

2° Non-degeneracy. 

Let be a film surface with only two vertices qi, q2. Then a^^ = o* if Oq^ = a. Denote 
by (., the bilinear form (., .)o- : -Bo- x B^* K, where {x', x")^ — ^^{x'q^ ® x^^)- Axiom 
2° asserts that the forms (., .)„ are non-degenerated for all o" G S. 

3° Cut invariance. 

for any cut morphism 77 : — > of film surfaces. 

4° Multiplicativity. 

^nmx'(»x')) = ^n'{x')^n'ix") 

for n = n'Y[ n", x' g v^,, x" g v^". 

Note that a Topological Field Theory defines the tensors {K® e B„ ® ^ S}, 

since it is not difficult to prove: 

Lemma 2.1. Let {^n} be a Film Topological Field Theory. Then 
{Kf, xi <S> X2)a = {xi, X2)a, for all Xi G B^, X2 G B^* . 

3. Graph-Frobenius algebras 

3.1. Definitions. We say that a connected film surface Q is a compatible surface for 
colored graphes a"i, o"2, o"n if these graphes are vertex graphs of Q and the numera- 
tion the graphs cTj generates the cyclic order of vertexes of film surface fl. Denote by 
^(ci, cr2, CTn) the set of all isomorphism classes of compatible surfaces for (Ti, (J2, cr„. 
Then fl{ai,a2, ■•■,cr„) is either empty or consists of a single element. 

Let f2((Ti, o"2, 0-3, 0-4) 7^ 0. Then there exist unique classes of graph-cuts 

Cr(l,2|3,4),0-(4,1|2,3) ^ S SUCh that n(o-l,Cr2,Cr(l,2|3,4)) 7^ 0, ^(o-(3,4|l,2) , f^S, O-4) ^ 0, 
f)((T4, CTi, 0-(4,lj2,3)) 7^ 0, ^{o'{A,l\2,3) , (^2, (^s) ^ and Cr(3_4|l,2) = '^(*1,2|3,4)' '^(2,314,1) = '^(4,1|2,3)- 

Consider a tuple of finite dimensional vector spaces {Ba\a G E}. Its direct sum 
B^ = -^o- is called a colored graph-graded vector space. 
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A colored graph-graded vector space with a bilinear form {.,.): B^, x B^, ^ K and a 
tree-linear form (.,.,.) : x x — K is called a graph- Frobenius algebra if 

• = for ai ^ a^; 

• the form (., .) is not-degenerate; 

• (S,,,S,,,5^3) = 0forfi(ai,cT2,a3) =0 

Here Xk G Bcr^., {^b'f'^^'^'^^} is a basis of i?(s,t|fc,r) and F^gi^^r) inverse matrix for 

We will consider as an algebra with the multiplica- 

tion {xiX2,Xs) = {xi,X2,X3), for Xk € So-^.. The axiom 

is equivalent to associativity for the algebra B^:. Moreover it is a Frobenius algebra in 
the sense of [IT] if its dimension is finite. 



3.2. One-to one correspondence. 

Theorem 3.1. Let J-^ = {^n '■ Vq ^ IK} be a Film Topological Field Theory on a tuple 
of finite- dimensional vector spaces {Bcr\(J G S}. Then the poli-linear forms 

• {x',x") = ® ^de x' G B„^, x" G B„^ 

• {x\x\x"') = $f7(ai,a2,a3)(< ® <2 ® x^g), 8(?e x' G 5^,, x" G S^^, x'" G B^.^. 
generate a structure of graph- Frobenius algebra on B^, = ®^^j^B^. 

Proof. Only the last axiom is not obvious. Let us consider a film 
surface Q G Q{ai,a2,<J3,cr4^), and a graph-cut between the pairs of ver- 
texes ai,a2 and a"3,cr4. Then the cut-invariant axiom and lemma 12.11 give 
Eii(^i'^2,&f'^'^'^^)^(*i2|34)(&f '^'^'^\a:3,X4) = ^n{xi,X2,X3,X4,). Similarly, 

E- ,(^4, X„ fef'^l^'^y^ ,2 3)(&f '^"'^ ^2, X3) = X2, X3, X4) 

□ 

Theorem 3.2. Zet = 0o.g2 -^o- a graph- Frobenius algebra with poli-linear forms 
{.,.) and (.,.,.). Then it generates a Film Topological Field Theory on {B^\a G S} by 
means of following construction. Fix a basis {b^} of any vector space B„, cr G S. Consider 
the matrix F^^ that is the inverse matrix for F[j = {b'[, bj ). Define the linear functionals 
on connected film surfaces by 

• $ ® xl ® ... ® xl) = E.„,„...,.„_3eE(^', pF^!n ^g) 

P'J2 (1^2 ^4 Lf3\ ( h''"'^ rf,n-2 iSn-3\pin-s ( h''"'^ ^^^^ 

where x^. G -Bo-. . 

Define the linear functionals on non- connected film surfaces by multiplicativity axiom. 

Proof. The topological invariance follows from the invariance under cyclic renumbering 
the vertices of VL. The invariance under the renumbering qj j = i -\- l(mod2) follows 
from the last axiom for the tree-linear form. The cut invariance follows directly from the 
definition of $ if we renumber the vertices marking the cut divide the vertices qi,q2, 
and qk+i,qk+2, ■■■qn- 

□ 
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These two theorems determine the one-to-one correspondence between Film Topological 
Field Theories and isomorphic classes of graph-Frobenius algebras. 



4. Cyclic Foam Topological Field Theories 
4.1. Cyclic foams. Cyclic foams Q is defined by a 4-tuple [Cl, dQ, A, Lp), where 

m Cl = Cl{fl) is a a compact 2-manifold with a boundary dCl that consists of pairwise 
non-intersecting circles; moreover, some of these circles are oriented; 

• dfl C dCl is the subset of all oriented circles. The rest circles are called free circles; 

• A = A{Q) is a regular graph 

• ip : dQ ^ A is a gluing map, that is, a homeomorphism on any circle and 
ip{dn) = A. 

Here: 

• the cyclic foam fl has a cyclic order; this means that the vertices of any connected 
component of A have cyclic order that is agreed with the orientation of (p{dQ); 

• the cyclic foam Q is colored; this means that a color G S corresponds to each 
connected component of u & Cl and the colors s{u!) are pairwise different for any 
connected component of f2; 

• for any connected component u & Cl different connected components of doj fl dCl 
are mapped by ip to different connected components of A; 

• consider a tuple disks fl with dQ = dfl and colors and orientation generated by 
colors and orientation of dCl, then the cluing map cp generate a film surface fl; 

• a finite set of marked points is fixed on fl: 

(a) marked points from Cl \ dCl are said to be interior and form a set fla, a 
point a E fla is equipped with a local orientation and the color s{a) = s{u) for 
a E uj E Cl; 

(b) remaining marked points form a set flj, of vertices of fl; they are all the 
vertices of A and the marked points on the free circles; a vertex graph aq for the 
vertex e A is defined as vertex graph for g G f2; we assume that each free circle 
contains a vertex; the graph of this vertex g is a segment with an orientation (local 
orientation of the marked point) and the color s{q) = s{uj) for q E uj E Cl. 

Thus the family of cyclic foams contains the family of film surfaces defined in section [2] 
and marked compact 2-manifolds with boundary considered in [1]. 
We assume 3 types of cuts: 

• a contour-cut, that is a simple closed contour ■y E {Cl\ dCl); 

• a segment-cut, a connects without self intersections segment j E Cl with ends on 
free contours and without other intersection with dCl, that divide the set of marked 
points if it divide fl; 

• a regular graph 7 G that generate a graph-cut on 17. 

Denote by /g G S the isomorphism class of oriented segments of color s. Then I* = Ig. 
Consider families of finite dimensional vector spaces {As\s E S} and {B„\a E S}. Fix 
families of tensors {Kf E A., (g) As\s E S} and {K^ E ® B„-*\a E S}. Fix families 
of elements {1as,Us E As\s E S} and {l^j^ G Bjjs E S}. Fix families of involutions 
{*, : As As\s E S} and {*i^ : Bj^ Bjjs E S}. 
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Define a functor V from the category of cyclic foams to the category of vector spaces. 
This functor extends the functor on film surfaces form section [2], and the functor on 
marked compact 2-manifolds with boundary considered in p?|. 

The functor V associates the vector space Vq = (®pgna^sp) ® {^q^n^Bq) to any cyclic 
foam fl. Here Ap is a copy of As{p), and Bg is a copy of B„^. We are going to describe 
all morphisms of a monoidal category of cyclic foams and morphisms of the category of 
cyclic foams that correspond to it. 

(1) Isomorphism. Let cj) : Q ^ fl' he a homeomorphism of cyclic foams preserving 
colors, orientations and other structures. Define V(0) = 4>* : Vw as a linear 
operator generated by the bijections (f)\n^ : Qb and (pl^^^ : Qb ^ fi'b- 

(2) Cut. Let n be a connected film surface and 7 C ^2 be a cut. 

a) Let 7 C u; G be a non-coorientable contour-cut. It is presented by a simple 
coorientable contour 7' on the closure f2 \ 7 of \ 7. Contracting 7' to a point p' with 
arbitrary local orientation gives the cyclic foam Q', where Vq> = Vq® ^s(a;)- We associate 
the morphism V(?7)(x) = ?7*(x) = x ® Us{uj) to the morphism r] : Q ^ Q' 

(b) Let 7 C a; G be a coorientable contour-cut. It is presented by simple contours 
7+ and 7_ on the closure i7 \ 7 of ^7 \ 7. Contracting 7+ and 7_ gives points p+ = and 

We assume that their local orientation are not generated by an orientations of 7. 
Thus we have a cyclic foam fl' and Vq' = ® As(^) ® As(^^y We assume the morphism 
V{ri){x) = r]^{x) = X ® -R'^^) to the morphism r] : fl ^ fl'. 

(c) If 7 C a; G f2 be a segment-cut, then we define the result of the cutting by 7 and 
the value of the functor on it by analogy with case b) changing Kg by Kj^ . 

(d) If 7 C a; G be a graph-cut, then we define the result of the cutting by 7 and the 
value of the functor on it by analogy with section [2l 

(3) Addition of marked point. 

(a) Let us add a not marked point p E fl\ dfl with a local orientation to the set fla- 
This operation generates a morphism ^ : fl ^ fl'^ where Vq/ = Va<S) ^s(a)) and p E tu & fl. 
Associate the morphism V{C,){x) = C,^{x) = x ® ls{oj) to it. 

(b) Similarly, let us add a not marked point q G dfl \ dfl with a local orientation to 
the set fib- This operation generates a morphism ^ : fl ^ fl', where Vq' = Vq ® i?/^((^)and 
p E u E fl. Associate the morphism V(^)(x) = ^*(x) = x ® Ibj.^^-) to it. 

(4) Change of local orientations of marked points. 

Let i/j : fl fl' he a morphism of change of a local orientation of a marked point p E fla 
or g G fib- It generates an involution *s(p) : Ap ^ Ap or : Bq ^ Bg and thus the 

homomorphism V(0) = ip^, : Vq Vq/. 

(5) The tensor product in S defined by the disjoint union of surfaces fl'^fl" ^ fl'U fl" 
induces the tensor product of vector spaces 6'* : Vw ® Vn» — > Vf^'uf^"- 

The functorial properties of V can be easily verified. 

4.2. Topological Field Theory. Fix families of vector spaces {As\s G S} and 

{B„\a G S} and families of tensors, elements and involutions defining the functor V. 

A family of linear forms = {$n : Vn K}, defined for all cyclic foams G 5, is 
called a Cyclic Foam Topological Field Theory if it satisfies the following axioms: 

1° Topological invariance. 

$f^/((/),(x)) = $f^(x) 
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for any isomorphism : — > fi' of cyclic foams. 
2° N on- degeneracy. 

Let VL (respectively VL*) be a sphere with exactly two marked locally oriented points, 
where their orientations are induced by an orientation of the sphere (respectively, 
there does not exist an orientation that induces the orientations of the points). De- 
fine the bilinear forms (., (., .)* : x — >• IK by {x',x")s = ^n{x'p_^ ® ^pa) 

Define also the bilinear forms (., .)/^, (., .)|^ : Bj^ x Bj^ K. Their definitions are similar 
to the definition of (., (., .)* after the change of the sphere by the disk and interior 
marked points by vertices. Axiom 2° says, that the forms (., .)s, (■, (., .)/^, (., •)/^ and 
the forms (., .)„ subsection 12.21 are non-degenerate. 

Let Q he a film surface with only two vertices qi, q2- Then = a* if = a. Denote 
by (., the bilinear form (., : B„ x S^.. — > K, where {x',x")„ = $n(a^gi ^^q2)- Axiom 
2° asserts that the forms (., .)cr are non-degenerated for all cr G S. 

3° Cut invariance. 

$n'(^*(a^)) = "^nix) 
for any cut morphism : f2 ^ fi' of film surfaces. 

4° Invariance under addition of a marked point. 

$n'(^*(a;)) = '^nix) 
for any morphism of addition of a marked point ^ : i7 — fi' of film surfaces. 

5° Invariance under a change of local orientations. 

^Q'iMx)) = ^n{x) 

for any morphism of change of the local orientation of a marked point : Q Q' . 
6° Multiplicativity. 

^niO*ix' ^ x')) = ^n'ix')^n"ix") 
for Q = Q' UQ" , x' E Vfi', x" G V^" and the morphism of tensor product Q -.0! ^Q!' ^ Q.. 

Note that a Topological Field Theory defines the families of tensors, elements and 
involutions, defining the functor V. This follows from lemma [2TT] and [[3] lemma 3.1.] 

5. Graph-Cardy-Frobenius algebras 

5.1. Definitions. A 3-tuple {DJd,*d) is called an equipped Frobenius algebra{see [4]) if 
D is an associative Frobenius algebra with unit Id, Id '■ D ^ K is a linear functional 
such that the bilinear form(2;i, X2)d = ^0(2^12^2) is non-degenerate and *d '■ D ^ D is an 
involution such that Id{x*) = Id{x) and {X1X2)* = XgX^ (here and below x* = *{x)). 
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Consider a basis {di\i = 1, ...,n} C D, the matrix F^^ = {di,dj)£, and the matrix 

inverse to Fg . The elements Kd = F'^didj and K}^ = F'^did* are called the Casimir and 
the twisted Casimir elements, respectively. They don't depend on the choice of the basis. 

We say that a pair of equipped Frobenius algebras ((A, (5, Z^, a homo- 
morphism (/) : A ^ B and an element U E A form a Cardy-Frobenius algebra if 

• A is commutative and the image (/){A) belongs to the centre of B; 

• (l)[x*) = {c/){x))*; 

• {(j)*{x),(f)*{y))A = tr W,,y, where x,y e B, (a,0*(6)) = ((/)(a),b)B, W G End(5) 
and W{z) = xzy; 

• U'^ = K\ and (j){U) = Kb- 

It is proved in [I] that Cardy-Frobenius algebras are in one-to-one correspondence with 
Klein Topological Field Theories that are Topological Field Theories on 2-dimensional 
manifolds with boundary. The paper [I| also contains a complete classification of semi- 
simple Cardy-Frobenius algebras. 

Define now a graph- Cardy-Frobenius algebra as a family that consists of: 

• a family of Cardy-Frobenius algebras {{A'^, 1% (-^'*) *%)■• 'P^^ U^\s E S} 

• a graph-Frobenius algebra 5^ with a bilinear form (., .) b '■ B^, x B^ ^ K, and a 
three-linear form (., ., .)b '■ B^^ x B^ x B^, ^ K 

• a family of homomorphisms {0^ : A'^ Er\d{B„)\s E S,a E S}, where 0^ = if s 
is not the color of an edge of a. 

Here: 

• B^ coincides with Bj^ C and (p}s{a){b) = (f)'^{a)b for a G A'^, b E B^; 

• i<Paii(^)i^i)^^2)B = {xi,(p^^^{a){x2))B, whcrc a E A", Xi E B^^; 

• {(l)l^{a){xi),X2,X3)B = {xi,(f)l^{a){x2),X3)B = (xi,X2,0^3(a)(x3))i5, where a E A", 
Xi E B„^. 

5.2. One-to-one correspondence. Let T = {$q : — K} be a Cyclic Foam Topo- 
logical Field Theory. Then its restriction to 2-dimensional manifolds with boundary 
forms a Klein Topological Field Theory J^k and, therefore, a family of Cardy-Frobenius 
algebras {{{A'^,l\,*A'>)iiB^JBi*B'')i(p^,U^)\s E S}yr. The restriction to film surfaces 
forms Film Topological Field Theory jF/v and, therefore, a graph-Frobenius algebra 

Let us define the homomorphisms {(p^ : A"^ — > End{Ba-)\s E S,a E Let fl he a 

cyclic foam with two vertices qi, q2 and one interior marked point p. Put a = aq^. The 
functional $n generates the homomorphism (j)^^ of A^ to the space E of linear functionals 
on Ba ® -B(T*. The bilinear form (., generates the isomorphism between B„* and the 
space of linear functionals on B^j. Thus we can identify E with Hom(_Bcr, B^j). 

Theorem 5.1. Let T = {$n : K} be a cyclic Foam Topological Field 

Theory on families of vector spaces {As\s E S}, {Bf^\a E S}. Then the Cardy- 
Frobenius algebras {{{A'^,l^^,*A'>),{B^JBy*B'>),4'^,U'^)\s E S}jr, the graph-Frobenius al- 
gebra (S^, (., .)b, (•, •, ■)b)j^ and the homomorphisms {0^ : A^ — > Er\d{Bfj)\s E S,a E 
form a graph- Cardy-Frobenius algebra. 

Proof. The properties = Bj^, and 0fs(a)(&) = 4''^{a)b follow from the corresponding 
axiom. Let us prove that (0^^(a)(xi), X2)b = {xi, (j)l^{a){x2))B- Consider a cyclic foam fl 
that is the film surface f^(cri, (T2) with an interior marked point p of color s. Then the cut 
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axiom gives {(f)-^^^{a){xi),X2)B = ^n{a^xi^X2) and {xi, (j)l^{a){x2))B = ^n{a®xi®X2). A 
prove of the identities (0^^(a)(xi), Xa, xg)^ = (xi, 0^2(a)(x2), xg)^ = {xi, X2, (pi^ia){x3))B 
is similar. 
□ 

Theorem 5.2. The correspondence from theorem \5. 1\ generates a one-to-one correspon- 
dence between Cyclic Foam Topological Field Theories and isomorphism classes of graph- 
Car dy-Frobenius algebras. 

Proof. Let {{{{A\1%,*a^),{B\1%,*bs)A',U^)\s e S}, (5„ (., (-, .)b), 
{0^ : A'^ Er\d{B„)\s E S,a E S}) be a graph-Cardy-Frobenius algebra. Let us con- 
struct a Cyclic Foam Topological Field Theory J-" = {^n '■ Vn —>■ IK} that generates it. 
According to the cut axiom and the axiom 0fs(a)(6) = (j)'^{a)b, the Theory is defined 
by its restrictions to: 

• 2-dimensional manifolds with boundary and arbitrary number of marked points; 

• film surfaces without interior marked points; 

• film surfaces with two vertices and one interior marked point. 

According to [1], Topological Field Theories on 2-dimensional manifolds with boundary 
and arbitrary number of marked points are in one-to-one correspondence with isomor- 
phism classes of Cardy-Frobenius algebras {{{{A^,l%,*A'>),iB^J%,*B^),(l)^,U^)\s G S}. 
According to 13.21 Topological Field Theories on film surfaces without interior marked 
points are in one-to-one correspondence with isomorphism classes of graph-Frobenius 
algebras {B^,{., .)b,{-, ■, ■)b)- Define the value of on surfaces Q with two ver- 
tices and one interior marked point by ® Xi X2) = {(j)^„{a){xi),X2)B- 
The properties (f)%{a){b) = 4>%a)b, {4>''„,{xi),X2)b = (a^i, 0^2(^2) )b and 
{(j)';^{a){xi),X2,X3)B = {xi,(j)t^ia){x2),X3)B = (xi, 0:2,0^3 (a) (x3))ij guarantee that 
the values of satisfy the axiom of Cyclic Foam Topological Field Theory. 
□ 

Remark 5.1. The category of cyclic foams contain the subcategory of oriented foams 

= {Cl,d^, A,ip), where the orientation of dVt generate orientations of edges of A. Our 
constructions make possible to define the Topological Field Theories for oriented foams 
and to prove that these Topological Field Theories one-to-one correspond to the analog of 
graph-Cardy-Frobenius algebras where arbitrary colored graphes change to bipartite colored 
graphs. 

6. Examples of Cyclic Foam Topological Field Theories 

In this section we construct an example of Cyclic Foam Topological Field Theory. 
Its restriction to 2-dimensional manifolds with boundary is the Klein Topological Field 
Theory of regular covering, constructed in p]. 

Associate a group Gs of a set Xg and an action of Gs on Xg to any color. Consider the 
vector space A^ which is the center of the group algebra of Gg. Associate X^ = Xg^gXg 
to any finite subset S (Z S. The actions of Gg on Xg generate the action of G = Gg 
on Xg. 

Let L = L{a) be the set of edges of a colored graph a. Let s{l) be the color of / G L. 
Denote by the set of all maps -0 : L -^s{l) x -^s(l), where '(/'(/) G Xs(^i) x Xs(i). Define 
the action of G on by g{ilj{l)) = g{x') x g{x") for ■?/'(/) = x' x x". Let a^^ be the set 
of orbits of this action. 
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A pair {a, ipa) , where o" is a colored graph and ipa £ 5"^° , is called an equipped colored 
graph, or a colored graph with equipment i/jq- An isomorphism ip : ai a2 of colored 
graphs is called an isomorphism of the equipped colored graphs (5"j, iIjq) if it takes ipQ to 
ifjQ. Denote by | Aut((T, ipc) I the order of the group {g e G\gip = ip}, where e ^ 
and cr e fj e E. 

Consider the set of equipments of a colored graph a. Isomorphisms of colored 
graphs generate the canonical bijections between the corresponding sets E^. Thus we can 
associate the set Ea- to any a G S. Let B^j be a vector space generated by E^^. Denote by 
* : -Bcr ^ -Bcr* the involution generated by changing orientation of a and changing of the 
components of Xg x Xg . 

Construct a Cyclic Foam Topological Field Theory with families of vector spaces 
{As\s G S}, {B„\a G S}. by its restriction to 

• 2-dimensional manifolds with boundary and arbitrary number of marked points; 

• film surfaces without interior marked points; 

• film surfaces with two vertices and one interior marked point. 

We start with its description of T on film surfaces. Consider an additional structure 
on film surfaces. Let V = V{Q) be the set of edges of a film surface fl. Denote by S{v) 
the set of the colors of the disks that are incident to v E V. Consider the set Q-^ of maps 
ifj : V ^ [jy^v -^s{v), where iIj{v) G Xs{v)- Denote by fl^ the set of orbits for the action 
of G on n^. 

A pair where Q is a colored graph and il^c £ is called an equipped film 

surface or film surface with equipment i/jq- An isomorphism : l^i ^ O2 of film surfaces 
is called an equivalence of the equipment film surfaces (Q^jV-'g') takes Vg "0^. 
Denote by | Aut{fl,ipG)\ the order of the group {g G Glgt/j = -0}, where i/j E ipc ^ fl^^ . 
An equipment i/j of the film surface generates an equipment ipa- for the graph a of any 
vertex of Q. We assume that ilJa{l) ~ where I G L{a) is an oriented edge from 

G V{n) to G V{n) and ^Jj{v') = x.^siv^^xl 

We say that a connected equipped film surface {fl, ipc) is a compatible surface for 
equipped colored graphes ^1,^2, •••,^n if these graphes are the vertex graphs of Q and the 
numeration the graphs (jj generates the cyclic order of vertexes of film surface Q. Denote 
by ^(<^i, ^2, "Jn) the set of all isomorphism classes of compatible surfaces for <^i, ^2, <^n- 

Define a set of linear functionals J-'n = {^q : Vq ^ K} on connected equipped film 
surfaces by ® ?2 ® - ® = E*e*(a,«,...,^„) \a^\- 

Lemma 6.1. The set Tn — {^f2 : — > K} generates a Film Topological Field Theory. 

Proof It follows from our definition that {^1,^2) a = \Aut{^i)\ ^'^^ '?i)*?2 G E^r, and thus 

= '^^^Ea I A'Jt(<j)|ij ® q*. Let us prove the cut invariance. 
Consider an equipment film surface ^ G ^(<ri, ^2, ^n) — (^(^i) cr2, Cn); V'g)- 
Let Tj be the cut morphism by graph-cut 7 C Q((Ti, (T2, (7„). It associates 
the pair of film surfaces n((Ti, (T2, (ifc, ex'), r2(a", cr^+i, cr2, cr„) to the film sur- 
face (^((Ti, (T2, cr„). Any equipment of f2(cri, (J2, cr„) generates equipments of 
C2, Cfc, c')' ^(c"") "^fc+i) c'"2, c"n)- Thus we receive equipment film surfaces ^' 
H and an equipment of a'. 

Fix an equipped colored graph = {a', iJ/q) and consider the set of equipped 

film surfaces ^^'(^i, ^2, <?n) C ^(^1, ^2, ^n) that generate the equipment ipQ on a'. 
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Then Evi>gvt^,(,i,,2,...,,„) = |Aut(ioi|Aut(v&")r Summations over all equipments ^'g 

of a' gives ® ^2 ® ... ® = E*e*,(,i,,2,...,^„) J^kw)] = ^,eE^ \ Aut{l+m\^ -)\ = 

^n'V*{'^i ® ^"2 ® ... ® ^"n). 

□ 

It follows from the previous section that J-'n is generated and is defined by the graph- 
Frobenius algebra B^. This algebra has the basis E = IJ ctge -^cr and is defined by polilinear 
forms 

• {^1,^2)3 = Evtgvl'(ft,«) AutV)l " Aut5)| fo'^ ?1'^"2 e ^; 

• ^2, ^"3)5 = Z]^e*(fi,?2,f3) Aut(-^)| fO"^ ^1' "^3 e il^. 

Define now the action of the group algebra Ag on B^. It is identical if there are no 
edges of color s between the edges of a. Let s{l) = s, ip E ipG & a^^ , ipij) = {x' , x") and 
a = T^gtzG^gQ- Then we assume that 0*(a)(?/') = {Tig^G^gd-c' , x") on / and 0^(a)('0) = ip 
on the other edges of a. The function 0^(a)(^) depends only on its orbit i/jg, and thus 
generate the linear operator 4>l{a) : B„ —>■ B„. 

Define now the system of linear operators J-'c = {^n '■ Vn K} on cyclic foams with 

two vertices by ^n{a^ ® ... ® a*" ® xi X2) = {(pt^" \a^)...(f)''a'^ \a'^){xi),X2)B- 

Define a system of linear operators J-'s = {^n '■ Vn ^ K} on 2-dimensional manifolds 
with boundary of color s. We set it to be the Klein Topological Field Theory of G^-regular 
covering with trivial stationary subgroup from [4]. 

Theorem 6.1. There exists a unique Cyclic Foam Topological Field Theory T with the 
restrictions J-'n, J-'c u J^g. 

Proof It follows from lemma [6T] and [4] that the families J-'n and J-'s satisfy the axioms 
of Cyclic Foam Topological Field Theory. By our definitions, the value of J-'c on Q is 
equal to the product of the values J-'s on the disks that form fl. Thus J-'c also satisfies the 
axioms of Cyclic Foam Topological Field Theory. Moreover, the families J-'n, J-'c, and J-'s 
coincide on common areas of definition. 

To define J-' on an arbitrary cyclic foam one can use the cut axiom and cut the surface 
into 2-dimensional manifolds with boundary, film surfaces without interior marked points 
and surfaces with two vertices. The result does not depend on the cut system because 
any two such systems are different only on 2-dimensional manifolds with boundary, film 
surfaces without interior marked points or surfaces with two vertices. 

□ 
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